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Abstract
We consider the removability of singular sets for the curvature equations of the form Hk[u] = ψ ,
which is determined by the kth elementary symmetric function, in an n-dimensional domain Ω . We
prove that, for 1 k  n − 1 and a compact set K whose (n− k)-dimensional Hausdorff measure is
zero, any generalized solution to the curvature equation on Ω \K is always extendable to a general-
ized solution on the whole domain Ω .
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
This paper is a sequel to [27]. We study the removability of singular sets of solutions to
the curvature equations of the form
Hk[u] = Sk(κ1, . . . , κn) = ψ (1.1)
in Ω \ K , where Ω is a bounded domain in Rn and K is a compact set contained in Ω .
For a function u ∈ C2(Ω), κ = (κ1, . . . , κn) denotes the principal curvatures of the graph
of the function u, namely, the eigenvalues of the matrixE-mail address: takimoto@math.sci.hiroshima-u.ac.jp.
0022-247X/$ – see front matter  2005 Elsevier Inc. All rights reserved.
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D2u, (1.2)
and Sk , k = 1, . . . , n, denotes the kth elementary symmetric function, that is,
Sk(κ) =
∑
κi1 . . . κik , (1.3)
where the sum is taken over increasing k-tuples, i1, . . . , ik ⊂ {1, . . . , n}. The mean, scalar
and Gauss curvatures correspond respectively to the special cases k = 1,2, n in (1.3). We
call Eq. (1.1) “k-curvature equation.”
Here we consider generalized solutions to k-curvature equation, which are solutions
in a certain weak sense. In the previous paper [26] the author introduced the notion of
generalized solutions to
Hk[u] = ν, (1.4)
where ν is a nonnegative Borel measure. Generalized solutions form a wider class than
classical solutions or viscosity solutions under the convexity assumptions.
In [27], we considered the removability of isolated singularities for solutions to homo-
geneous k-curvature equation (i.e. (1.1) with ψ ≡ 0), both in the viscosity sense and in
the generalized sense. In this paper we establish results concerning the removability of a
singular set of a generalized solution to (1.4). We state our main theorem.
Theorem 1.1. Let Ω be a convex domain in Rn and K  Ω be a compact set whose
(n − k)-dimensional Hausdorff measure is zero. Let 1  k  n − 1, ψ ∈ L1(Ω) be a
nonnegative function, and u be a continuous function in Ω \ K . We assume that for any
convex subdomain Ω ′ ⊂ Ω \ K , u is a convex function in Ω ′ and a generalized solution
to Hk[u] = ψ dx in Ω ′. Then u can be defined in the whole domain Ω as a generalized
solution to Hk[u] = ψ dx in Ω .
For the case of k = 1, which corresponds to the mean curvature equation in (1.1), such
removability problems were extensively studied. Bers [2], Nitsche [22], and De Giorgi
and Stampacchia [14] proved the removability of isolated singularities for solutions to the
equation of minimal surface (ψ ≡ 0) or constant mean curvature (ψ is a constant function).
Serrin [24,25] studied the same problem for a more general class of quasilinear equations
of mean curvature type. He proved that any weak solution u to the mean curvature type
equation in Ω \ K can be extended to a weak solution in Ω if the singular set K is a
compact set of vanishing (n − 1)-dimensional Hausdorff measure. For various semilinear
and quasilinear equations, there are a number of papers concerning removability results.
See [4,5,32] and references therein.
Here we remark that (1.1) is a quasilinear equation for k = 1 while it is a fully nonlinear
equation for k  2. It is much harder to study the fully nonlinear equations’ case. For
Monge–Ampère equations’ case, there are some results on the removability of isolated
singularities (see, for example, [3,16,23]). However, until recently, there were no results for
other types of fully nonlinear equations. For solutions to uniformly elliptic equations and
Hessian equations, such removability problems were studied by Labutin [18–20]. In this
paper we obtained Serrin type removability result for generalized solutions to k-curvature
equations.
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to (1.1) with nonremovable singularities at a single point. For example,
u(x) = α|x|, x ∈ Ω = B1(0) =
{|x| < 1}, (1.5)
where α > 0, satisfies Eq. (1.1) with k = n, ψ ≡ 0 and K = {0}, in the classical sense as
well as in the generalized sense. However, u does not satisfy Hn[u] = 0 in Ω = B1(0)
in the generalized sense (see Example 2.1). Accordingly the case k = n is excluded from
Theorem 1.1.
This paper is divided as follows. In the next section, we give a definition of general-
ized solutions to k-curvature equation with some examples. Then we prove that the notion
of generalized solutions is weaker than that of viscosity solutions under the convexity as-
sumptions. Section 3 is devoted to the proof of Theorem 1.1. Finally, in Section 4, we state
some remarks and open problems on k-curvature equations.
2. The notion of generalized solutions
In this section we give the definition of generalized solutions to (1.1) which was intro-
duced in [26].
For a large class of elliptic PDEs, it is well known that one can consider a function
which is not necessarily differentiable in a usual (classical) sense as a solution to the
equation. Many mathematicians have investigated solutions in a generalized sense, such
as weak solutions for quasilinear equations of divergence type and distributional solutions
for semilinear equations. For fully nonlinear equations, the theory of viscosity solutions
provides existence and uniqueness theorem under mild hypotheses (we refer to [10–12,
21]). Weak solutions and distributional solutions have an integral nature, while viscosity
solutions do not have. It is difficult to define solutions with an integral nature for fully non-
linear PDEs. However, for some special types of fully nonlinear PDEs, one can introduce
an appropriate notion of solutions that have such property, such as generalized solutions
for Monge–Ampère type equations (see [1,7]) and for Hessian equations (see [9,29–31]).
Recently, the author [26] introduced the notion of generalized solutions for k-curvature
equations which form a wider class than viscosity solutions under the convexity assump-
tions (we prove this in Proposition 2.3).
Let Ω be an open, convex and bounded subset of Rn and we look for solutions in the
class of convex and (uniformly) Lipschitz functions defined in Ω . For a point x ∈ Ω , let
Nor(u;x) be the set of downward normal unit vectors to u at (x,u(x)). For a nonnegative
number ρ and a Borel subset η of Ω , we set
Qρ(u;η) =
{
z ∈ Rn | z = x + ρv, x ∈ η, v ∈ γu(x)
}
, (2.1)
where γu(x) is a subset of Rn defined by
γu(x) =
{
(a1, . . . , an) | (a1, . . . , an, an+1) ∈ Nor(u;x)
}
. (2.2)
The following theorem, which is an analogue of the so-called Steiner type formula, plays
an important part in the definition of generalized solutions.
230 K. Takimoto / J. Math. Anal. Appl. 309 (2005) 227–237Theorem 2.1 [26, Theorem 1.1]. Let Ω be an open convex bounded set in Rn, and let u be
a convex and Lipschitz function defined in Ω . Then the following hold.
(i) For every Borel subset η of Ω and for every ρ  0, the set Qρ(u;η) is Lebesgue
measurable.
(ii) There exist n + 1 nonnegative, finite Borel measures σ0(u; ·), . . . , σn(u; ·) such that
Ln(Qρ(u;η))= n∑
m=0
(
n
m
)
σm(u;η)ρm (2.3)
for every ρ  0 and for every Borel subset η of Ω , where Ln denotes the n-dimensional
Lebesgue measure.
Remark 2.1. The measures σk(u; ·) determined by u are characterized by the following
two properties.
(i) If u ∈ C2(Ω), then for every Borel subset η of Ω ,(
n
k
)
σk(u;η) =
∫
η
Hk[u](x) dx. (2.4)
(The proof is given in [26, Proposition 2.1].)
(ii) If ui converges uniformly to u on every compact subset of Ω , then
σk(ui; ·) ⇀ σk(u; ·) (weakly). (2.5)
Therefore we can say that for k = 1, . . . , n, the measure (n
k
)
σk(u; ·) generalizes the
integral of the function Hk[u].
Now we state the definition of a generalized solution to k-curvature equation.
Definition 2.2. Let Ω be an open convex bounded set in Rn and let ν be a nonnegative,
finite Borel measure in Ω . A convex and Lipschitz function u ∈ C0,1(Ω) is said to be a
generalized solution to
Hk[u] = ν in Ω, (2.6)
if it holds that(
n
k
)
σk(u;η) = ν(η) (2.7)
for every Borel subset η of Ω .
It is easy to see that C2(Ω) generalized solution is also a classical solution. Here we
note that one can also define the notion of generalized solutions stated above in the case
where Ω is not necessarily convex. Indeed, we shall say that u is a generalized solution
to (2.6) if for any point x ∈ Ω and for any ball B = BR(x) ⊂ Ω , (2.7) holds for every Borel
subset η of BR(x).Here are some examples.
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(1) u1(x) = α|x|, which is a function we have already seen in (1.5), is a generalized
solution to
Hn[u1] =
(
α√
1 + α2
)n
ωnδ0 in Rn, (2.8)
where ωn denotes the volume of the unit ball in Rn, and δ0 is the Dirac measure at 0.
(2) u2(x) = α
√
x21 + · · · + x2k , where x = (x1, . . . , xn), is a generalized solution to
Hk[u2] =
(
α√
1 + α2
)k
ωkLn−kT in Rn, (2.9)
where ωk denotes the k-dimensional measure of the unit ball in Rk and T = {(x1, . . . , xn) ∈
R
n | x1 = · · · = xk = 0}. We note that Hausdorff dimension of T is n − k. Hence, as far as
k-curvature equation is concerned, we cannot expect that the removability theorem holds
for the set with nonzero (n − k)-dimensional Hausdorff measure.
There is a notion of generalized solutions to the Gauss curvature equation which corre-
sponds to the case of k = n in (2.6), since they are in a class of Monge–Ampère type. As
far as the Gauss curvature equation, namely,
det(D2u)
(1 + |Du|2)(n+2)/2 = ν (2.10)
is concerned, the definition of generalized solutions for Monge–Ampère type equations co-
incides with the one introduced in Definition 2.2. The proof is given in [26, Theorem 3.3].
In the last part of this section, we prove that the notion of generalized solutions is weaker
than that of viscosity solutions in some sense.
Proposition 2.3. Let 1 k  n and Ω be a domain in Rn. Let ψ be a positive function with
ψ1/k ∈ C0,1(Ω¯), and u be a convex function in Ω¯ . If u is a viscosity solution to Hk[u] = ψ
in Ω , then u is a generalized solution to Hk[u] = ν in Ω , where ν = ψ(x)dx.
Proof. Let x0 be any point in Ω . We wish to show that u is a generalized solution to
Hk[u] = ν dx in some ball centered at x0. We fix a sufficiently small constant r > 0 such
that
‖ψ‖Ln/k(Br (x0)) <
1
2
(
n
k
)
ω
k/n
n , (2.11)
which assures C0-a priori bound for a solution to Hk[u] = ψ (see [28]). We may assume
that Ω = Br(x0).
First we extend the function u to a convex function defined in Rn, which is proved
in [8]. Let ϕ be a nonnegative function in C∞0 (Rn) vanishing outside B1(0) and satisfying∫
B1(0) ϕ dx = 1. We define
1
(
x
)ϕε(x) =
εn
ϕ
ε
, (2.12)
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in Ω as i → ∞.
Next, let {Ωi}∞i=1 be a sequence of convex domains such that Ω1 Ω2  · · · and that
Ω =⋃∞i=1 Ωi . In the case of 1  k  n − 1, we take {ψi}∞i=1 ⊂ C∞(Ω¯) which satisfies
that
ψi → ψ in L1(Ω) and uniformly in C0(Ω¯j ) for every j ∈ N, (2.13)
for every j ∈ N, sup
i=1,2,...
|Dψi | is bounded in Ωj, (2.14)
Sk(κ
′
1, . . . , κ
′
n−1,0)ψi on ∂Ω, (2.15)
where κ ′ = (κ ′1, . . . , κ ′n−1) denotes the principal curvatures of the boundary ∂Ω and that
ψi > 0 in Ω¯. (2.16)
For k = n, the condition (2.16) is replaced by
ψi > 0 in Ω and ψi = 0 on ∂Ω. (2.17)
One can get {ψi}∞i=1 by using the regularizations of ψ .
Now we consider the following Dirichlet problem:{
Hk[vi] = ψi in Ω,
vi = ui on ∂Ω. (2.18)
By virtue of the results in [15,28], there exists a unique classical solution vi ∈ C∞(Ω¯)
to (2.18), for sufficiently large i. From the maximum principle [28], the sequence {vi} is
uniformly bounded. We also see that for any open set Ω ′ Ω , the interior gradient bound
by Korevaar [17] implies that {vi} is equicontinuous in Ω ′. Therefore, using the diagonal
argument, we deduce from Ascoli–Arzelà’s theorem that there exists a subsequence of {vi}
(we relabel it as {vi} again) converging uniformly to some function v ∈ C0(Ω) on every
compact subset of Ω . By the stability property of viscosity solutions, it follows that v is a
viscosity solution to{
Hk[v] = ψ in Ω,
v = u on ∂Ω. (2.19)
The uniqueness of solutions to the Dirichlet problem (2.19) implies that u ≡ v in Ω .
We set
µi(η) =
∫
η
ψi(x) dx (2.20)
for Borel subset η of Ω . From (2.13), we obtain
µi → ν (strongly). (2.21)
On the other hand, from the uniform convergence of {vi} on every compact subset of Ω
and Remark 2.1(ii) (see also [26, Proposition 3.2]), we see that(
n
)µi ⇀
k
σk(u; ·) (weakly). (2.22)
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n
k
)
σk(u;η) =
∫
η
ψ(x)dx (2.23)
for every Borel subset η of Ω . Hence the proposition is proved. 
Remark 2.2. It is not known whether a viscosity solution to the Dirichlet problem{
Hk[u] = ψ in Ω,
u = ϕ on ∂Ω, (2.24)
where ϕ ∈ C0(∂Ω), is unique or not for general nonnegative ψ . We note here also that
Cranny [13] proved the uniqueness of a viscosity solution to (2.24) for “highly degenerate”
case, that is, ψ ≡ 0.
3. Proof of Theorem 1.1
Before giving a proof of Theorem 1.1, we introduce some notations. We write x =
(x1, . . . , xn−1, xn) = (x′, xn). Bn−1r (x′) ⊂ Rn−1 denotes the (n− 1)-dimensional open ball
of radius r centered at x′.
Proof. The proof is split into two steps.
Step 1 (Extension of u to a convex function in Ω). Here we prove that u can be extended
to a convex function in the whole domain Ω . The idea of the proof is adapted from that of
Yan [33].
Let y, z be any two distinct points in Ω \K . Without loss of generality we may assume
that y is the origin and z = (0, . . . ,0,1). First we prove the following lemma.
Lemma 3.1. There exist sequences {yj }∞j=1, {zj }∞j=1 ⊂ Ω \ K such that yj → y, zj → z
as j → ∞ and
[yj , zj ] =
{
tyj + (1 − t)zj | 0 t  1
}⊂ Ω \ K. (3.1)
Proof. To the contrary, we suppose that there exists δ > 0 such that for every y˜ ∈ Bδ(y)
and for every z˜ ∈ Bδ(z), there exists t˜ ∈ (0,1) such that t˜ y˜ + (1 − t˜ )z˜ ∈ K . Here we note
that t˜ y˜ + (1 − t˜ )z˜ must be in Ω since Ω is assumed to be convex. In particular, if we set
y˜ = (a1, . . . , an−1,0), z˜ = (a1, . . . , an−1,1) with a′ = (a1, . . . , an−1) ∈ Bn−1δ (0), one sees
that there exists ta′ ∈ (0,1) such that (a′, ta′) ∈ K . We define the set V by
V = {(a′, ta′) | a′ ∈ Bn−1δ (0)}. (3.2)
Clearly V ⊂ K .
The assumption on K implies that the (n − 1)-dimensional Hausdorff measure of K is
zero. Hence there exist countable balls {Bri (xi)}∞i=1 such that
K ⊂
∞⋃
Br (xi) and
∞∑
rn−1 < δn−1. (3.3)
i=1
i
i=1
i
234 K. Takimoto / J. Math. Anal. Appl. 309 (2005) 227–237It follows that V is also covered by {Bri (xi)}∞i=1. By projecting both V and {Bri (xi)}∞i=1
onto Rn−1 × {0}, we have that
Bn−1δ (0) ⊂
∞⋃
i=1
Bn−1ri (x
′
i ). (3.4)
Taking (n − 1)-dimensional measure of each side of (3.4), we obtain that
ωn−1δn−1 
∞∑
i=1
ωn−1rn−1i < ωn−1δ
n−1, (3.5)
which is a contradiction. Lemma 3.1 is thus proved. 
Let λ ∈ [0,1] and set x = λy + (1 − λ)z ∈ Ω \K . From the above lemma and the local
convexity of u, it follows that
u(x) λu(yj ) + (1 − λ)u(zj ) (3.6)
for all j ∈ N, where {yj }∞j=1 and {zj }∞j=1 are sequences which we obtained in Lemma 3.1.
Since u is locally convex in Ω \ K , u is continuous in Ω \ K . Taking j → ∞,
u(x) λu(y) + (1 − λ)u(z). (3.7)
Next let U be the supergraph of u, that is,
U = {(x,w) | x ∈ Ω \ K, w  u(x)}⊂ Rn+1, (3.8)
and for every set X ⊂ Rn+1, coX denotes the convex hull of X. Now we define the function
u˜ by
u˜(x) = inf{w ∈ R | (x,w) ∈ coU}. (3.9)
One can easily show that the convex hull of Ω \ K (in Rn) is Ω , so that u˜ is defined in
the whole Ω . Moreover, u˜ is a convex function due to the convexity of coU . Finally, we
show that u˜ is an extension of u defined in Ω \ K . To see this, fix a point x ∈ Ω \ K .
The definition of u˜ follows that u˜(x)  u(x). Taking the infimum of the right-hand side
of (3.7) over all y, z ∈ Ω \K , we have that u(x) u˜(x). Consequently, it holds that u ≡ u˜
in Ω \ K . u˜ is the desired function.
Step 2 (Removability of the singular set K). We denote the extended function constructed
in Step 1 by the same symbol u. Theorem 2.1 implies that there exists a nonnegative Borel
measure ν whose support is contained in K such that
Hk[u] = ψ dx + ν in Ω (3.10)
in the generalized sense. We fix arbitrary ε > 0. By the assumption we can cover K by
countable open balls {Bri (xi)}∞i=1 such that
∞∑
i=1
rn−ki < ε. (3.11)For any ρ  0,
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(
Qρ
(
u;Bri (xi)
))= n∑
m=0
(
n
m
)
σm
(
u;Bri (xi)
)
ρm

(
n
k
)
σk
(
u;Bri (xi)
)
ρk =
( ∫
Bri (xi )
ψ dx + ν(Bri (xi))
)
ρk
 ν
(
Bri (xi)
)
ρk. (3.12)
The first inequality in (3.12) is due to the fact that Qρ(u;Bri (xi)) ⊂ Bri+ρ(xi), since taking
any z ∈ Qρ(u;Bri (xi)) we obtain
|z − xi | = |y + ρv − xi | |y − xi | + ρ|v| < ri + ρ, (3.13)
for some y ∈ Bri (xi), v ∈ γu(y). Inserting ρ = ri in (3.12), we obtain that
ωn2nrni  ν
(
Bri (xi)
)
rki . (3.14)
Consequently, it holds that
ν
(
Bri (xi)
)
 ωn2nrn−ki . (3.15)
Now taking the summation for i  1, we have that
ν(K) ν
( ∞⋃
i=1
Bri (xi)
)

∞∑
i=1
ν
(
Bri (xi)
)

∞∑
i=1
ωn2nrn−ki < ωn2
nε. (3.16)
Since we can take ε > 0 arbitrarily, we see that ν(K) = 0. Therefore, ν ≡ 0. We conclude
that K is a removable set. 
4. Final remarks
There are a number of results concerning the Dirichlet problem for k-curvature equa-
tion (1.1) in the literature, for general k = 1,2, . . . , n. Such problems were investigated by
Caffarelli et al. [6] and Ivochkina [15] in the classical sense. Trudinger [28] established the
existence and uniqueness of Lipschitz solutions to the Dirichlet problem in the viscosity
sense, under natural geometric restrictions and under relatively weak regularity hypotheses
on ψ , for instance, ψ1/k ∈ C0,1(Ω¯).
Therefore, it seems an interesting problem to study the solvability of the Dirichlet prob-
lem {
Hk[u] = ν in Ω,
u = ϕ on ∂Ω, (4.1)
in the generalized sense, where ν is a nonnegative Borel measure. For k = n (the Gauss
curvature case) which is an equation of Monge–Ampère type, the existence and uniqueness
of generalized solutions to the Dirichlet problem (4.1) in a bounded convex domain have
been studied. We refer the reader to [1], for example. We would like to seek appropriate
conditions on ν which guarantee the solvability of generalized solutions to (4.1) for the
case of 1  k  n − 1. However, we obtain few results about that so far. Theorem 1.1
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1 k  n−1 and ν = Cδx0 , where C is a positive constant and δx0 is a Dirac delta measure
at x0 ∈ Ω . In fact, if we write ν = ψ dx + µ, where ψ is a nonnegative L1(Ω) function
and µ is the singular part of ν with respect to the Lebesgue measure, then either of the two
alternatives must hold:
(i) the (n − k)-dimensional Hausdorff measure of the support of µ is nonzero; or
(ii) µ = 0.
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